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The local mass transfer of a fiat plate in a longitudinal non-Newtonian 
fluid flow has been analytically and experimentally investigated. The 
agreement between experiment and calculation is completely satis- 
factory, The effect of the rheological characteristics of the solution on 
the location of the laminar-turbulent  boundary layer transition has 
been established, 

In r e c e n t  yea r s ,  there  has been  a cons ide rab le  i n -  
c r e a s e  of i n t e r e s t  in  p rob l ems  of convect ive  t r a n s p o r t  
in  non-Newtonian  f luids.  Agains t  the f a i r l y  ex tens ive  
background of publ ica t ions  on rheodynamics  and heat  
t r a n s f e r  in  f luid sy s t ems  of a gene ra l  type, t heo re t i -  
cal  and expe r imen ta l  s tudies  of m a s s  t r a n s f e r  a re  
conspicuous by the i r  absence .  At the same  t ime,  p r o b -  
l ems  of this c l a s s  a re  impor t an t  in theory  as wel l  as 
in  p rac t i ce ,  s ince  diffusion in non-Newtonian  d i s p e r s e  
s y s t e m s  and po lymer  so lu t ions  has i ts  own p a r t i c u l a r  
c h a r a c t e r i s t i c s  that  d i s t ingu ish  it  f rom the heat  t r a n s -  
fe r  p rocess .  In pa r t i cu l a r ,  the coeff ic ient  of diffusion 
of a po lymer  in a low-molecu la r -we igh t  med ium is  not 
only s eve ra l  o r d e r s  lower  than the t h e r m a l  conduc-  
t ivi ty  of the same  solut ion,  but  also exhibi ts  an ex-  
cept ional ly  s t rong  and non l inea r  concen t ra t ion  depen-  
dence,  whereas  the t h e r m a l  conduct ivi ty  v a r i e s  only 
ve ry  sl ightly.  As yet  the re  have been  no studies  of the 
effect of the rheologica l  c h a r a c t e r i s t i c s  of shear  flow 
on the convect ion of an addit ive under  the condi t ions  
of the ex te rna l  and i n t e r n a l  p rob l ems .  

This a r t i c l e  r epo r t s  the r e s u l t s  of an analyt ic  and 
expe r imen ta l  inves t iga t ion  of the m a s s  t r a n s f e r  in  the 
boundary  l ayer  on a plate in a longi tudinal  flow of so-  
ca l led  "power - f lu id - law"  non-Newtonian  fluid. 

Analyt ic  inves t iga t ion .  The s t a r t i ng  sys t em for the 
plane p rob lem of a l a m i n a r  boundary  l aye r  is  wr i t t en  
in the fo rm 
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The veloci ty  d i s t r ibu t ion  given by (1)-(3)  is  a s -  
sumed  known. It is g iven in [1] in  the fo rm of tab les  
and graphs .  We solve Eq. (4) on the a s sumpt ion  of 
diffusion k ine t i c s ,  i . e . ,  for the boundary  condi t ions  
of l imi t ing  diffusion flow. We also a s sume  that dif-  

fus ion does not take place over  the en t i re  flow sur face  
but beg ins  at a c e r t a i n  d is tance  h0 reckoned f rom the 
leading edge of the plate.  Consequently,  the por t ion  of 
the plate 0 --< x -< h0 is c ha r a c t e r i z e d  by the condit ion 
j = 0 (passive par t  of plate).  

F o r  al l  x > h 0 (active par t )  the condi t ion c = 0 holds.  
F r o m  physica l  cons ide ra t ions  i t  is  c l ea r  that the l i m -  
i t ing flow reg ime  on this  pa r t  of the plate is not e s t ab -  
l i shed i mme d i a t e l y  beyond the pass ive  sect ion.  On a 
c e r t a i n  par t  of the act ive sur face  the re  wil l  be a t r a n -  
s i t ion to the l imi t ing  flow, and he re  the diffusion m a s s  
t r a n s f e r  wil l  be higher  than the co r re spond ing  l imi t ing  
value reached  at x >> h0. In this r eg ion - - l e t  us call  it 
the s tab i l i za t ion  reg ion- - long i tud ina l  m a s s  t r a n s f e r  
makes  a g r e a t e r  cont r ibut ion  to the total  diffusion flux 
than in the reg ion  of the s t eady- s t a t e  l imi t ing  r eg ime .  
P a s s i n g  f rom the phys ica l  coord ina tes  x and y to the 
va r i a b l e s  x and 9 ,  we reduce  Eq. (4) to the fo rm 

-ffffx ~, = 0~F 0~F " 

The new a b s c i s s a  x is now reckoned along the s t r e a m -  
l ine  r = const  (in what follows the subsc r ip t  ~ indicat ing 
this fact will be omitted).  The va r i ab le  ~ is reckoned 
f rom the wall  (~ = 0). Equation (5) mus t  be solved for 
the following boundary  condi t ions:  

OC 
= 0  at T = 0  (x<h0), (6) 

c = 0  at ~ = 0  (x>h0), (7) 

c = c  o at  ~ = 0  (x=0) ,  (8) 

c = c  o as Ud~oo. (9) 

To r e l a t e  the quant i t ies  u, x, and ,Is, we used the 
known s e l f - s i m i l a r  solut ions  of the dynamic  p rob lem 
for  a plate [1], 
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The r equ i r ed  function ~(~I,) is es tab l i shed  f rom the ex-  
p r e s s i o n s  
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u = - -  and v -  , (12) 
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sa t i s fy ing  the cont inui ty  equat ion (2). 
Al l  l iquids  ( p a r t i c u l a r l y  h ighly  v i scous  ones)  a r e  

c h a r a c t e r i z e d  by the condi t ion  P r  m >> 1. Then the d i f -  
fus ion  boundary  l a y e r  i s  much  th inner  than the dynamic  
boundary  l a y e r ,  within which i t  occup ies  a n a r r o w  r e -  
gion n e a r  the wal l .  Hence,  in f inding the concen t r a t i on  
f ie ld  f rom Eq. (5) i t  is  n e c e s s a r y  to c o n s i d e r  not the 
to ta l  ve loc i ty  p ro f i l e  but only the p a r t  " i m m e r s e d "  in 
the d i f fus ion boundary  l a y e r .  It is  c u s t o m a r y  to e m -  
p loy  for  th is  p u r p o s e  the o n e - p a r a m e t e r  l i n e a r  f a m i l y  

w h e r e  
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Combining (10)-(13) ,  we a r r i v e  at  the r e l a t i o n  
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Equat ion (5 )now s i m p l i f i e s  to 
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We in t roduce  the new v a r i a b l e s  
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As a r e su l t ,  we a r r i v e  at  the new notat ion,  
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Fo l lowing  [2], we f i r s t  f ind the so lu t ion  of the l imi t ing  
bounda ry  value  p r o b l e m  in the v a r i a b l e s  ~ and ~o for  a 
s e m i - i n f i n i t e  p la te  without  an in i t i a l  p a s s i v e  s ec t ion  
(h 0 = 0). Then the boundary  condi t ions  s i m p l i f y  to 

c ~ c o  as ~-+c~,  (22) 

c = 0 at  q~ = 0, (23) 

c = Co at  ~=  0; q~ = 0. (24) 
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The change of v a r i a b l e s  

l eads  to the equat ion 
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The so lu t ion  of (26) is  

(25) 

(26) 

o 

c~ [ +  ( @ ) ] - '  fe_Z. 

Clim ~ .I e--z"d)~ co F _ o d)~. (27) 

0 

Equat ion (18) i s  i n v a r i a n t  under  the g roup  of d i s -  
p l a c e m e n t  t r a n s f o r m a t i o n s  ~ + ~0 (~0 = const) .  We s e -  
l ec t  
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.~o = B n-+ 1 h2(n+t). 
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The function 
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s a t i s f i e s  Eq. (18) and condi t ions  (19)-(21) .  
In the p h y s i c a l  v a r i a b l e s  the so lu t ion  has  the f o r m  
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The di f fus ion flux dens i ty  on the ac t ive  s e c t i o n s  is  
g iven by the r e l a t i o n  
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x 
2n + 1 
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At  n = 1 (Newtonian fluid) r e l a t i o n s  (29) and (30) 
a u t o m a t i c a l l y  go ove r  into the  M a i m a n  so lu t ion  [2]. 



The r a t i o  of the t rue  and l im i t i ng  (h 0 = 0) d i f fus ion  
f luxes  i s  e x p r e s s e d  by the s i m p l e  equat ion  

2n-}- l 

] lira 

Thus,  the amount  by  which the t rue  flux j e x c e e d s  
JIim and the extent  of the  s t ab i I i z a t i on  r e g i o n  depend 
not only on the r a t i o  h0/x but  a l so  on the index n of 
non-Newtonian  behav io r .  

F o r  p seudop Ia s t i c  f lu ids ,  the d e v e l o p m e n t  of the 
J l im r e g i m e  r e q u i r e s  a g r e a t e r  length x than for  New- 
tonian  f lu ids .  Di la tant  s y s t e m s  exhib i t  the  oppos i te  
tendency.  The exponent  of the  r a t i o  h0/x v a r i e s  f r o m  
1/2 (p seudop la s t i e  l im i t ,  n = 0) to 1 ( e x t r e m e  d i l a -  
t aney ,  n ~ ~o). F o r  a f ixed  va lue  of h0 the a b s c i s s a  
at  which j and J l im d i f fe r ,  for  e x a m p l e ,  by 5% is 
x~% - 10h0 for  the m a x i m a l l y  p s e u d o p l a s t i c  f luid,  
x5% --- 5h0 for  a Newtonian f luid,  and x~% ~ 3h0 for  the  
m a x i m a l l y  d i l a t an t  s y s t e m .  

The so lu t ion  obta ined  has  two i m p o r t a n t  c o n s e :  
quences .  F i r s t ,  the ef fec t  of the in i t i a l  p a s s i v e  s e c -  
t ion is  m a n i f e s t e d  the m o r e  s t rong ly ,  the lower  the 
va lue  of n. This  i s  due to the i n c r e a s e d  con t r ibu t ion  
of the t angen t i a l  component  to the to ta l  t r a n s v e r s e  
m a s s  flux. In the c a s e  of l a r g e  h0/L,  the t r a n s f e r a b l e  
t r a n s v e r s e  m a s s  flux dens i t y  on the e n t i r e  ac t ive  p a r t  
of the p la te  d i f f e r s  c o n s i d e r a b I y  f rom Jl im, desp i t e  
the fact  that ,  as  be fo r e ,  the p r o c e s s  p r o c e e d s  in the 
d i f fus ion  r eg ion  and the condi t ion  ely=0 = 0 is  s a t i s -  
f led.  

Second,  the dev ice  of an in i t i a l  p a s s i v e  s ec t ion  
p r o v i d e s  a m e a n s  of con t ro l l i ng  convec t ive  m a s s  
t r a n s f e r  in a non-Newtonian  fluid.  New p o s s i b i l i t i e s  
a r e  c r e a t e d  for  the op t imum con t ro l  of m a s s  t r a n s f e r  
p r o c e s s e s  in the p roduc t ion  and p r o c e s s i n g  of po Iy -  
m e r s  and p l a s t i c s  in the f lu id  s t a te .  

We t r a n s f o r m  the so lu t ion  ob ta ined  to the d i m e n -  
s i o n I e s s  fo rm  
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and d e t e r m i n e  t h e  va lue s  of 
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The f o r m u l a s  obta ined  conta in  the fo rm p a r a m e t e r  
of the ve loc i ty  f ie ld ,  i l l - - the  only c h a r a c t e r i s t i c  not 
a m e n a b l e  to d i r e c t  m e a s u r e m e n t .  However ,  i t s  value  
can  be b o r r o w e d  f r o m  the so lu t ions  of the s e l f - s i m i l a r  
p r o b l e m  of  the bounda ry  l a y e r  on a s e m i - i n f i n i t e  p la te  
or  f r o m  e m p i r i c a l  f o r m u l a s  for  the f r i c t i o n  s t r e s s :  

( Oa/U~ ~ d2F 
81=~--~---n ],~=0= dn e ~=0= 

l - -  ] l 

= [n (n-~- 1)l~+~ Rex n(n~-l) 

Deta i led  t a b l e s  of F"(0)  for  v a r i o u s  0 ~ n --<- 2 (in 
s t eps  of 0.1) a r e  given in [1]. 

E x p e r i m e n t a l .  The e x p e r i m e n t a l  method  was  b a s e d  
on v i s u a l i z a t i o n  of the convec t ive  m a s s  t r a n s f e r  in a 
l iquid  e l e c t r o l y t e  to which e l e c t r o e h e m i l u m i n e s c e n t  
s u b s t a n c e s  (ECL) had  been  added.  If two i n e r t  e l e e -  
t r o d e s  a r e  in t roduced  into such a so lu t ion ,  a b!ue lu -  
m i n e s c e n e e  a p p e a r s  at  the  su r f a c e  of the anode.  At  a 
f ixed e l e c t r o d e  po ten t ia l ,  i t s  loca l  in tens i ty  is  s t r i c t l y  
p r o p o r t i o n a l  to the loca l  d i f fus ion flux j(x). R e f e r e n c e s  
[3, 4] inc lude  a de t a i l ed  d e s c r i p t i o n  of the ECL method  
and i t s  app l i ca t ion  to the inves t iga t ion  of m a s s  t r a n s -  
f e r  and the h y d r o d y n a m i c s  of flow around  bIunt bod ies  
( s epa ra t i on ,  c av i t i e s ,  wakes ,  e t c . ) i n  Newtonian 
f lu ids .  The advan tages  of the method  include the fact  
that  i t  is f r e e  of i n e r t i a  and the d i s t u r b a n c e s  u sua l ly  
in t roduced  by the p r e s e n c e  of t r a n s d u c e r s  in the flow. 
Be s ide s  w a t e r  (solvent) ,  the ECL so lu t ion  used  in the 
e x p e r i m e n t s  conta ined  hydrogen  p e r o x i d e  (ox id ize r ,  
ac t ive  e l e c t r o l y t e ) ,  luminol  (the e h e m i l u m i n e s c e n t  
agent) ,  the sod ium sa l t  of c a r b o x y m e t h y l  ce l lu lo se  (non- 
Newtonian p s e u d o p l a s t i e  component) ,  p o t a s s i u m  eh lo -  
r i d e  (main  e l e c t r o l y t e ,  s o - c a l l e d  background) ,  and s o -  
dium hydrox ide  (pH r e g u l a t o r ) .  

The e x p e r i m e n t s  w e r e  conducted  at  the p r e s e l e c t e d  
op t imum va lue  of the l imi t ing  c u r r e n t  ensu r ing  that,  
on the ac t ive  s u r f a c e  of the anode,  the condi t ion 
cHzOx = 0, a s s u m e d  in the t h e o r e t i c a l  ca l cu la t ions ,  
was sa t i s f i ed .  

F ig .  1. D ia g ra m of the e x p e r i m e n t a l  
p la te :  1) base ;  2) ac t ive  p a r t  of p la te  
(anode); 3) f r ee  su r f a c e  of solut ion;  

4) l eve l  of bo t tom of a p p a r a t u s .  
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The expe r imen ta l  appara tus  and i ts  organiza t ion  
a re  desc r ibed  in [5]. The expe r imen ta l  body (anode) 
was a r e c t angu l a r  p la t inum plate (active part)  bonded 
with epoxy adhesive to a thin plexiglas  sheet  bent  in 
a c i r c u l a r  arc  100 m m  in rad ius  so that par t  of a cy-  
l i nd r i ca l  su r face  was obtained (Fig. 1). In the p r e s -  
ence of an at tached uni form coaxial ly  ro ta t ing  flow, 
this  model  is hydrodynamica l ly  equivalent  to a flat  
plate in a longi tudinal  t r an s l a t i ona l  fluid flow. The 
r a t e s  of ro ta t ion  of the vesse l  were  se lec ted  so as to 
e l imina te  the effect of the cent r i fugal  fo rces  tending 
to d i s to r t  the free sur face  and p reven t  the develop-  
ment  of waves and ins tab i l i t i e s .  The p la t inum plate 
could be secured  at var ious  d i s t ances  f rom the 

sha rpened  leading edge. Thus,  we were  able to fix 
the va r i ab le  ra t io  of the lengths of the pass ive  (h0) 
and act ive par t s  of the plate (Fig. 1). M e a s u r e m e n t s  
were  made a t h  0 = 7 ,  23, and 51 m m  ( i . e . ,  h0 / (L+  
+ h 0) = 0; 0.64; 0.18; 0.33); the Na CMC concen t ra t ion  
in the expe r imen t s  was (%): 0; 0.1; 0.25; 0.5; 0.75; 1; 
1.5; 2. The veloci ty  of the solut ion re la t ive  to the 
fixed plate va r ied  f rom 10 to 50 c m / s e c .  As indicated 
by e s t ima t e s  [6] and ver i f ied  by v i sua l  observa t ion ,  
the d i s tances  s epa ra t ing  the model  f rom the f ree  s u r -  
face and the l a t e r a l  walls  success fu l ly  excluded hy-  
d rodynamic  i n t e r f e r ence  and var ious  side effects.  

A spec ia l  s e r i e s  of exper imen t s  was devoted to 
the de t e rmina t ion  of the ca l ib ra t ion  coefficient  k of 
the appara tus  which es tab l i shes  the d i rec t  p ropor -  
t ional i ty  of the photocur ren t  and the diffusion flow to 
the wall .  The absolute value of k depends on the opt i -  
cal  p rope r t i e s  of the solut ion,  the geomet ry  of the 
appara tus ,  the d is tance  between the sens i t ive  e l emen t  
of the photomul t ip l ie r  and the p la t inum plate,  and on 
the c h a r a c t e r i s t i c s  of the photomul t ip l ie r .  The optical 
p rope r t i e s  of the solut ions  (absorpt ion,  re f rac t ion)  
va r ied  somewhat  with i n c r e a s e  in Na CMC concen-  
t r a t ion  owing to the i nc rea sed  turb id i ty  of the solution.  
The a t tenuat ion of the light s ignal  was m e a s u r e d  with 
a s t andard  photoelect r ic  co lo r ime te r .  As a r e su l t ,  we 
obtained the following r e l a t ion  between the t r a n s m i t -  
tance T -- I j I  0 and the concen t ra t ion  c of the Na CMC 
component:  

T =- (1.0 + 24c) -~ (35) 

(I0 and I~ a re  the in t ens i t i e s  of the incident  and t r a n s -  
mi t ted  light f luxes,  respec t ive ly) .  

The dependence of the r e f r ac t ive  index on the poly-  
m e r  concen t ra t ion  in the e lec t ro ly te ,  obtained in our 
m e a s u r e m e n t s  with an IRF-22 r e f r a c t o m e t e r ,  was 
l i nea r  and is approximated  by the equation 

n = 1.3413 + 0.124C. (36) 

To detect  the chemi luminescence ,  we used an FEU-  
35 photomul t ip l ier .  The tes t  plate (anode)was a r r anged  
in one of i ts  focal p lanes .  As a check revea led ,  the 
se lec ted  i n s t r u m e n t  has a l i nea r  c h a r a c t e r i s t i c  over  
the en t i re  m e a s u r e m e n t  range ;  i . e . ,  the output photo- 
c u r r e n t  is s t r i c t l y  propor t iona l  to the in tens i ty  of the 
anode luminescence .  The ca l ib ra t ion  coeff icient  k of 
the apparatus  was de t e rmined  f rom the p rev ious ly  ob- 

ta inea  fo rmula  (30). F o r  all  values  of x and Uoo we ob- 
ta ined the same value k = 2.55 • 10 -7 (g/#A �9 sec). 

Before  beginning the actual  expe r imen t s  we made 
ce r t a in  v i s e o m e t r i e  m e a s u r e m e n t s  and also exper i -  
men ta l ly  de t e rmined  the dependence of the diffusion 
coefficient  of the act ive e lec t ro ly te  on the concen t r a -  
tion of the non-Newtonian  component  Na CMC. Rheo-  
m e t r i c  data on the shear  v iscos i ty ,  obtained with a 
cap i l l a ry  i n s t r u m e n t  and analyzed in accordance  with 
the Mooney-Rabinovich  equation,  were  found to be 
c losely  co r r e l a t ed  with the rheologicaI  power equation 
over  the en t i r e  range  of shea r  r a tes  (102-5 �9 10 a) sec  -1. 
Values of the p a r a m e t e r s  n and k for  var ious  Na CMC 
concen t ra t ions  a re  p resen ted  in [5], which also con-  
ta ins  the v i scoe las t i c  p rope r t i e s  of s i m i l a r  solut ions 
taken f rom [7]. 

Our D(c) curve  obtained on the bas i s  of r e f r a e t o m -  
e ter  m e a s u r e m e n t s  by the method desc r ibed  in detail  
in [8] is p resen ted  in Fig. 2. The sha rp ly  non-  
l i nea r  c h a r a c t e r  and nonmonotonic i ty  of the concen-  
t r a t ion  dependence of the diffusion coeff icient  a re  a 
d i s t inc t ive  fea ture  of solut ions  conta in ing m a c r o -  
molecules .  Consequently,  the c o r r e c t  ma thema t i ca l  
solut ion of the p rob lem of convect ive m a s s  t r a n s f e r  
should begin  with a non l inea r  fo rmula t ion  that takes 
into account  the va r i ab i l i t y  of the diffusion coefficient  
and the p r e sence  of a m a x i m u m  on the D(c) curve.  

F igure  3 g ives  the r e su l t s  of m e a s u r e m e n t s  at 
va r ious  concen t ra t ions  of thenon-Newton ian  component  
for a plate without an in i t ia l  pass ive  sec t ion  (h 0 = 0). 
The sys t ema t i c  d i s t r ibu t ion  of the expe r imen ta l  data 
is noteworthy;  devia t ions  f rom l i ne a r i t y  a re  observed  
only at large values  of Uoo/x (near  the leading edge) 
and at lgUoo/x < I ( region of l a m i n a r - t u r b u l e n t  t r a n -  
si t ion).  The graphs  ve ry  accu ra t e ly  r e f l ec t  the b r eak  
in the l i nea r  d i s t r ibu t ion  of the expe r imen ta l  points ,  
which may be t rea ted  as a r e su l t  of the d i s tu rbance  of 
the l a m i n a r  s t r uc t u r e  of the boundary  l a ye r  and t r a n -  
s i t ion  to the tu rbu len t  mass  t r a n s f e r  reg ime .  This is 
conf i rmed  by the a g r e e m e n t  between the va lues  of 

R e e f  = Uooxcr/P obtained in our expe r imen t s  and the 
publ ished data for  Newtonian f luids.  An exact  com-  
pa r i son  of the values  of Recr  is not poss ib le  owing to 
inevi table  d i f fe rences  in the degree  of f r e e s t r e a m  t u r -  
bulence.  

As far  as non-Newtonian  fluids a re  concerned ,  
nothing based on d i r ec t  obse rva t ions  has  yet been pub-  
l ished r ega rd ing  the t r a n s i t i o n  point (region) on a plate 

O.a 
0.4 0..8 f.2 g6 C'[0 2 

Fig. 2. Diffusion coeff icient  (cm2/sec)  
as a function of the Na CMC concen-  

t r a t i on  (g/cma).  
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in a longi tud ina l  flow. T h e r e f o r e ,  the da ta  p r e s e n t e d  
fo r  the f i r s t  t i m e  in Fig .  3 have a c e r t a i n  t h e o r e t i c a l  
and app l i ed  i n t e r e s t .  F i r s t ,  we note that ,  as  in a New- 
ton ian  f luid,  a s  U~ i n c r e a s e s  the t r a n s i t i o n  point  is  
sh i f ted  u p s t r e a m .  Second,  m o d e r a t e  Na CMC concen -  
t r a t i o n s  (up to 1%) sh i f t  the Xcr in the d i r e c t i o n  of the 
t r a i l i n g  edge as  a r e s u l t  of the s imu l t aneous  ac t ion  of 
i n c r e a s e d  v i s c o s i t y  and the in t ens i f i ed  p seudop l a s t i c  
p r o p e r t i e s  of the solut ion.  The ef fec t  of the f i r s t  f a c to r  
is  e x p r e s s e d  through a d e c r e a s e  in Reyno lds  number ;  
that  of the second ,  as  a m o r e  f avo rab l e  r a t i o  be tween  
the f o r c e s  of i n e r t i a  and f r i c t i o n  d rag .  With f u r t h e r  
i n c r e a s e  in p o l y m e r  concen t r a t i on  this  i n c r e a s e  in Xcr 
c e a s e s  and an oppos i te  t endency  is d i s t i nc t l y  o b s e r v e d - -  
the t r a n s i t i o n  r e g i o n  begins  to move  aga ins t  the flow 
in the d i r e c t i o n  of the l ead ing  edge.  An a n a l y s i s  of the  
e x p e r i m e n t a l  da t a  y i e l d s  the fol lowing e m p i r i c a l  r e l a -  
t ion for  the t r a n s i t i o n  point ,  which is va l id  for  our 
r ange  of v a r i a t i o n  of the e x p e r i m e n t a l  p a r a m e t e r s :  

2 - - n  n 
10 ~ ~ p U ~ X c r  

k ~ 5"104" (37) 

In [9] the fol lowing rough e s t i m a t e  is g iven  for  the 
a b s c i s s a  of the t r a n s i t i o n  f r o m  a l a m i n a r  to a t u r b u l e n t  
l a y e r :  

2 

[0.332   <3.10 . (38) 3 1 0 5 < [ A ( n )  J k 

The a u x i l i a r y  quant i ty  A(n), taken  f r o m  the a p p r o x i -  
ma te  ca l cu l a t i ons  of A c r i v o s  et  al. [10], v a r i e s  f rom 
0.8 to 0.332 on the i n t e r v a l  0.1 ~ n - < l .  In Fig .  4 
Ske l l a nd ' s  a pp rox ima t ion  is c o m p a r e d  with our data .  
The a g r e e m e n t  is  v e r y  s a t i s f a c t o r y ,  and the dev ia t ion  
does  not exceed  • It is  i n t e r e s t i n g  to note that :  a) 
the n u m e r i c a l  value  of the complex  f igur ing  in Ske l -  
l a n d ' s  inequa l i ty  a l m o s t  co inc ides  with the value  of the 
g e n e r a l i z e d  Reyno lds  number ;  b) the l e f t -hand  l i m i t  of 
inequa l i ty  (37) is much  lower  than in (38). Evident ly ,  
at  c o n s i d e r a b l e  p o l y m e r  contents  the va lue  of R e c r  
depends  not only on the s h e a r  v i s c o s i t y  c h a r a c t e r i s t i c s  
but  a l so  on the v i s c o e l a s t i c  p r o p e r t i e s  of the s y s t e m ;  

A 

F ig .  4. R e c r  as  a function 
of n (curve  1- -Ske l land  ap -  
p r o x i m a t i o n  [9], po in t s - -  
our  e x p e r i m e n t a l  data):  A) 
f rom f o r m u l a  (37), B) f rom 

f o r m u l a  (38). 
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i . e . ,  it is to a la rge  extent de t e rmined  by the s ize  and 
conf igura t ion of the m a c r o m o l e c u l e s  and the i r  concen-  
t r a t ion  in the solution.  This r e s u l t  and the conclus ion  
that follows from it a re  a lso conf i rmed  by the e a r l i e r  
data of Schnurmann  [11, 12], who es tab l i shed  for  so lu-  
t ions of polyisobutylene and other m a c r o m o l e c u l e s  

that Recr  -< 10. 
The data, p resen ted  in Fig. 5, for the l a m i n a r  par t  

of the boundary  l ayer  of a Newtonian ECL solut ion a re  
c lose ly  co r r e l a t ed  with the known formula  

Nu,n = A R e  ~ [ 1 - -  (ho/x) 3/4 ]-'h (39) 

(here,  P r  m has been fixed). Thus, the accuracy  and 
r e l i ab i l i t y  of the m e a s u r e m e n t s  based on the ECL 
method have again been  demons t ra ted .  The s e r i e s  of 
curves  in Fig.  6 gene ra l i z e s  the r e su l t s  of the expe r i -  
ments  with non-Newtonian  ECL solut ions.  The analyt ic  
solut ion (30) is r e p r e s e n t e d  by the solid l ines .  

CONCLUSIONS 

1) The expe r imen ta l  data for all  Na CMC concen-  
t r a t ions  and var ious  (ho/x) a re  s a t i s f ac to r i l y  c o r r e -  
lated when exp re s sed  in t e r m s  of the complexes  

2n~- I 

NumPe-'/"I 1 -  ( @ ) ~ ] - V " a n d  Re. As d is t inc t  f rom 

1/3 0 the f requent ly  used complex N u m P e -  , the pr  duct 
NumPe -1/3" does not expl ic i t ly  conta in  the theo logica l  
p a r a m e t e r s  n and k. The g r ea t e r  spread  of the expe r i -  
menta l  points at low Na CMC concen t ra t ions  and sma l l  
Re is  evident ly  assoc ia ted  with d i s tu rbances  introduced 
into the boundary  layer  f rom the wake. 

2) The analyt ic  solut ion of the p rob lem (30) su i tably  

ge ne r a l i z e s  the expe r imen ta l  data at concen t ra t ions  up 
to l~a Consequently,  the non l inea r i t y  of the D{c) curve  
does not have much effect on the diffusion flow to the 
wall. The sys t ema t i c  devia t ion of the expe r imen ta l  
points f rom the theore t i ca l  r e l a t i on  (30) for co = 1.5% 
is a t t r ibutable  both to the non l inea r i t y  of the diffusion 
coeff icient  and to the e las t i cov i scous  behavior  of the 
ECL solution.  Kotaka [7] has es tab l i shed  that  for 
aqueous solut ions  of Na CMC of the a lkal ine  type (with 
pH > 9) at flow shear  r a t e s  of 103 sec -1, the n o r m a l  
s t r e s s  d i f fe rences  a l r eady  apprec iab ly  exceed the 
shea r  s t r e s s e s .  It may also be a s sumed  that the e l a s t i -  
coviscous p rope r t i e s  begin to appear  e a r l i e r ,  but that 
the i r  inf luence on the j f luxes is compensa ted  by the 
s t rong  non l inea r i t y  of the concen t ra t ion  dependence of 
the diffusion coeff icient  on the ascending  b ranch  of the 
D(c) curve.  In the descending  reg ion  of the D(c) curve  
(c ~ 1%), the e las t i cov i scous  p rope r t i e s  should have a 
s t r o n g e r  inf luence on the local  Nusse l t  n u m b e r  Nu m. 

NOTATION 

k and n a re  the rheologica l  p a r a m e t e r s  of the con-  
s t i tu t ive  power equation;  T is the shea r  s t r e s s ;  F(~/) 
is a d i m e n s i o n l e s s  s t r e a m  function; R e e f  = Uo~Xer/Vef f 
is the c r i t i ca l  Reynolds  n u m b e r  for a Newtonian fluid; 
Pe  m = Uoox/D is the local  (mass  t rans fe r )  Pec l e t  number ;  

Nu m = jx/Dc0 is the local  (mass  t r a n s f e r )  N u s s e l t n u m -  
ber ;  Re = U~ - n  x n p / k  is the genera l i zed  Reynolds  n u m -  
b e r .  Subscripts :  m r e f e r s  to m a s s  t r ans fe r ;  lira r e p -  
r e s e n t s  l imi t ing;  0 means  remote  f rom the wall,  in the 
fluid volume; cr  r e f e r s  to c r i t i ca l .  
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